


Matrix Formulation of Angular Momentum
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Let us now introduce a more general angular momentum operator J that 1s defined by its three
components Jy, Jy, and J-, which satisfy the following commutation relations:

or equivalently by

IxJ=itl

Sitice J,. J"_L.+ and J- do not mutually commute, they cannot be simultancously diagonalized;
that is, they do not possess common eigenstates, The square of the angular momentum,



15 4 scalar operator, hence it commutes with J,, J,, and J.:

:'IE .
[J !JII.']=[I!
where k stands for x, v, and 2. For instance, 1n the the case & = x we have
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= Jy(=itik) 4 (=ihE), + (ih) 4 ().}
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because [J2, ;] = 0, [J,, k] = =inlk, and [, )] = ihJ;. We should note that the

A A A 4
operators Jy, Jy, J:, and J* are all Hermitian: their eipenvalues are real.




Eigenstates and Eigenvalues of the angular

Momentum Operator

Since J? commutes with J,. .f_.,- and .. each component of J can be separately diagonalized

(hence 1t has simultaneous eigenfunctions) with J%. But since the components j_-f, j,,., and j_-
do not mutually commute, we can choose only one of them to be simultaneously diagonalized

. #1 - = . - . - .
with J=. By convention we choose J.. There is nothing special about the z-direction: we can
just as well take J? and jr or J* and jl
. - i - . . -
Let us now look for the joint eigenstates of J* and J. and their corresponding eigenvalues.

Denoting the joint eigenstates by | &, ) and the eigenvalues of J2 and J. by #a and A4,
respectively, we have

Fla, f) = Wala, B,
Jo e, By = hf | a, B). [3.23)
The factor # 15 introduced s0 that & and § are dimensionless; recall that the angular momentum

has the dimensions of /i and that the physical dimensions of i are: [h] = energy x ume. For
simplicity, we will assume that these eigenstates are orthonormal:



(@', B'la, B) = dw adp p.

Now we need to introduce raising and fowering operators f... and J_, Just as we did when
we studied the harmonic oscillator in Chapter 4

L= 7x0]

& ] - A A ]. & A
Je=gth+l), L=z -T)

This leads to

hence

I. A A & A o I. & A A A& A A
7= E(E + i+ Ll S, F= —q U = e =TI+ 7).

| wie can easily obtain the following commutation relations:

# Fal & A & - o Fal
(2, J) =0, [ =2, [ Jo)=2hd S



In addition, L and J_ satisfy

S = Py Rand= - P anl,

&om - " - % - e
Jdp =+l =nl= 0= P =l

These relations lead to

which in turn yield

I A A A A
7= St gy + 2

Let us see how Jy operate on | @, £, First, since Jo do not commute with J-, the kets
| @, ff) are not eigenstates of .fi. |

L la, B) = (Jod: £ BJy) | a, By =h(B + )(Js | a, B));



hence the ket (Ji | @, B))is an eigenstate of L with eigenvalues fi(f £ 1). Now since J. and

iz commute, (J= | &, f)) must also be an eigenstate of J2. The ngLm'a]uL of J? when acting

on Ji | &, B} can be determined byﬁmﬂkmg use of the commutator IJ*, Ji] = (), The state
(Jx | @, f))1s also an eigenstate of J2 with eigenvalue Ala:

51 A A lll-|, &

Pl la, p)=Je* | @, p) =W alls | a, B).

From (3.33) and ( 5.34) we infer that when Ji acts on | &, B}, 1t does not aftect the first quantum
number , but it raises or lowers the second quantum number § by one umit. That 15, 4 | a, f)
15 proportional to | a, § £ 1}

Jela, py=Chla, p£1)

We will determine the constant ﬂiﬂ later on.



Mote that, for a given eigenvalue & of jz tﬂ]lere exists an upper imit for the quantum number
B. This is due to the fact that the operator J* = J2 is positive, since the matrix elements of

j'z-.?f=.ff+.¥me:3ﬂ;wacanﬂ|erefnrewrite
a, flP =P, p=Ra-p)20, = azp |

Since f has an upper limit fy,q,, there must exist a state | @, o) which cannot be raised
further:

T a, fuar) = 0.

Using this relation along with J_J, = J* — jzz —hJ., wesee that J_Jy | @, Buar) = 0or

(-}1 - j—f - 'H'j:] | &, Buax) = HE{E _ﬁ:;:m.w — Bnax) | &y Bwax )



hence

& = frmar (Bmar + 1)

After n successive applications of J_on | &, By ). we must be able to reach a state | a, Sy
which cannot be lowered further:

J_ |, Buin) =0

Using JpJ_ = /2 — J2 4+ hJ., and|
o= ﬂmiﬂwm'n = 1)

ﬂﬂ:l‘.ﬂ.‘l’ - _ﬂmin-
Since fi,,;, was reached by n applications of J_on | &, By, it follows that
Bovar = Brin + 1,

and since faiy = —Fupar we conclude that

ﬁmm =

] =
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Hence fiyq can be integer or half-odd-integer, depending on n being even or odd.
It is now appropriate to introduce the notation j and m to denote f,,,. and §, respectively:

R
7= Py = E- m= fi (5.45)
hence the eigenvalue of ﬁ 5 given by
a=j(j+1).
Now since fuin = =Pmar. and with n positive, we infer that the allowed val

between —j and +/:
(5.47)

|
The results obtained thus far can be summarized as follows: the eigenvalues of J*a
corresponding to the joint eigenvectors | j, m) are given, respectively, by h%(j + 1) and Am:

Pliomy=tiG4+0 1 j,m and L1j,my=hm|j, m,| (548




where j=0,1/213/2,...andm ==, =(j=1),.... j=1, /. Soforeach j there are 24
values of m. For example, 1f /= 1 then i takes the three values =1, 0, 1; and 1f / = 3/2 then
i takes the six values =3/2, =3/2, =1 /2, 1/2, 3/, 5/2, The values of ; are either Ineger or

hlfiteaer, We scethat the specta of theangularmomentum apertors J* and J, e discrte
Snce the eigenstates coresponding o ifferent angular momenta arc orthogonal, and sinee the
angular momenum spectza are discrete, the orthonormalty condition 1

(,F! mi ‘ flf Fi’I) = Jf, ;'am“,m-




Let us now determine the eigenvalues of ji within the {| j, m)} basis; | j, m) i not an
eigenstate of JJx. We can rewrite equation (5,35) as

Je i, m}=c'fm|j, m =+ 1),

We are going to derive C}"m and then infer Cim Since | 7, m)is normalized, we can use
to obtain the following two expressions:

o lje )T (g m) = ICHPU m+ 1L m 1y = |CH P
2 . a
‘ﬂ_:-m‘ = 1, ml,_f_.f.'_ |.|||! ).
But since j.j.|. is equal to {jz - j,_l — f.L.), and assuming the arbitrary phase of C;-"m to be
zero, we conclude that

ct =y U, w2 =2 =11 j, m=1JTGF D= m@ + D).
By analogy with CJ',-"m we can easily infer the expression for Cim

Cry = MiG+1) = mlm = 1),




Thus, the eigenvalue equations for J, and J_ are given by

Iyl j, my=0iG+ D) =mmz1) | j, m£1)

ar

Jelj,my=hJGEm(Em+1) |, m1),

which in turn leads to the two relations:

A ]_ A A
JJ",L m:l' - E{J'I'-I.J—}l,lrl m}

h
= S[VT=mG D 1y mt 1)+ STEMG =m0 1y m=1)],



& \ ] F. 1 & .
Sl jm) = E(J+—J—} | /. m}

h
= VG=mGFm+0) Ly m+ ) =JGFmG=m+ D | j, m=1)]

The expectation values of J, and .F}, are therefore zero:
{jl- mlj-rlj! m}=U| mlj_l-'lj:. m}:ﬂ

We will show later in (5.208) that the expectation values (f, m | J2 | j, m) and (f, m | jj |
j, m) are equal and given by




Matrix Representation of Angular Momentum

The formalism of the previous section is general and independent of any particular representa-
tion. There are many ways to represent the angular momentum operators and their eigenstates.
In this section we are going to discuss the matrix representation of angular momentum where
elgenkets and operators will be represented by column vectors and square matrices, respec-
tively. This is achieved by expanding states and operators in a discrete basis. We will see later
how to represent the orbital angular momentum in the position representation.

. & = - : r
Since J7 and J- commute, the set of their common eigenstates {| 7, m}} can be chosen as a
basis; this basis i1z discrete, orthonormal, and complete. For a given value of 7, the orthonormal-

ization condition for this base 1s given by . and the completeness condition 18 expressed
by



\

t) s
2 LG, mi=,

m==|

P and ] are dingonal 15 given by their
| Theupﬁmtursﬁmd.fzﬂredlagumlmmehas
s the unit matrix.
where [ 15 the unit ma
elzenstates

(1 . iy
o | F 1 = ﬁz-#“;ﬁ.f i
(j’, m j J,m = ﬁmﬁf'} W,




Thus, the matrices representing J? and j; in the {| 7, m}} eigenbasis are diagonal, their diago-
nal elements being equal to -E'E S+ 1) and Aim, respectively.

Now since the operators J4 do not commute with J., they are represented in the {| j, m)}
basis by matrices that are not diagonal:

We can infer the matrices of J; and .J, from (5.57) and (5.58):

. it
G m LT g my = 5 |[VTG D =m0+ Do, e
+-1,-"rj{_}+ 1y = mim — I}Eim",m-l] E_,r'",j- '

h
'V 1y m) = = [ VIG D) = mm + Do e
— TG F D= mln = Db s |8y




For j = | the allowed values of m are =1, 0, 1. The jomt eigenstates ﬂsz ﬂl'ldj; are
| 1, =1} | 1, 0, and | 1, 1). The matrix representations of the operators }2 and J-

I

LR (1]
L0111, 0) (1, 0]
(=110 (1, =1

0 (L
0 (LD
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P -1
Pt -1,
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